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Background: Probability

*  Probability(x € [a,b]) = f:p(x) dx
o p(x) is the probability density function (pdf)
> p(x) =0

s [T dx =1

*  Example: a random variable ¢ with uniform probability
) 1 ifo<é<i
q¢) 0 otherwise
o Probability(a < ¢ < b) = f: ldx=b —aq,
> where [a, b] € [0,1)



Background: Expected Value

* Expected value E(f(x))
o Average value of a function f(x)

© E(f(0) = [ fp(x)dx

o x is the random variable with a pdf p(x)

* Linearity:
cE(x+y)=EX)+E(y)
c E(f(x) +9g») =E(f(x)) + E(g()

o A function of a random variable is also a random variable

> This holds for the random variables, which are both independent and dependent



Background: Multidimensional Random Variables

Pdf p:§S - R
o S:aspace has a measure u
° e.g., S: surface of a sphere, u: area

X is @ random variable with x~p

Probability that x will take from a region S; € S
° Probability(x € §;) = [ p(x)du

° e.g.,a uniformly distributed random variable @ € S
o pla) =— >

nRZ

* e.g., probability that ¢ isinaregionS; € S
> Probability(a € S;) = f —dA




Background: Multidimensional Random Variables

* e.g., given a uniformly distributed random variable a € S,

what’s probability that a isin a region §; € §? S
o a = (r,¢) in polar coordinates
R
oY = —

2
o Differential area dA = r dr dqb

> Probability(a € S;) = fzn fo Rzr dr d¢p = 0.25




Background: Multidimensional Random Variables

e.g., what’s the expected value of the x coordinate: y=1

° p(x,y) = 4xy
> §=1[0,1] x [0,1]

© E(x) = [, flx,y)p(x,y)dA
= [} [ ax?ydxdy (v f(x,y) =)

2
3

x=1




Background: Variance

Variance of a random variable x
° V(x) = E([x — E()]*) = E(x*) — [E(x)]?

Standard deviation

o g(x) =4V(x)

Properties:

o V(ax) = a?V(x)

° V(ix+a) =V(x)

> V(ax + by) = a?V(x) + b*V(y) + 2abCov(X,Y)
o Ifxandy are independent, Cov(X,Y) =0



Background: Estimated Mean

* Suppose independent and identically distributed (iid) random variables
o Random variables x; are independent and have a common pdf p

o Estimated mean = an estimate of the expectation E (x)

1
° E(x) ~ NZ?:lxl

> As N increases, the variance of this estimate decreases. Why?
© V(xl) - 0'2

13N _ 1 yN 1.2
’ V(ﬁ i=1xi)—ﬁ i=1V(x) =40



Background: Estimated Mean

* Suppose independent and identically distributed (iid) random variables
o Random variables x; are independent and have a common pdf p

o Estimated mean = an estimate of the expectation E (x)

1yvN
° E(x) ~ NZ[:lxl
> As N increases, the variance of this estimate decreases. Why?

o> Q. What’s the estimation error?

o Law of Large Numbers
o Probability [E(x) = Al,i_r)rgo%Z{-Vﬂxi] =1



Monte Carlo Integration

* Given a function f: S = R, arandom variable x~p
° Expected value of f(x)

c E(f(x)) = fxesf(x)p(x)dli ~ % Ly f(x)

° By substituting g = fp
c E(f(x) = e g(X)du ~ _ZN g(xi)

p(xl)

> How can we apply this technique to the transport equation?

p(kiko)Ls(x" x—x")v(x,x")cosB;cosO1 , .,
° LS(kO) — faux ( ) dA

[E== 1y
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